Formation ying is a key technology for both deep-space and orbital applications that involve multiple spacecraft. Many future space applications will bene t from using formation ying technologies to perform distributed observations (e.g., synthetic apertures for Earth mapping interferometry) and to provide improved coverage for communication and surveillance. Previous research has focused on designing passive apertures for these formation ying missions assuming a circular reference orbit. Those design approaches are extended and a complete initialization procedure for a large eet of vehicles with an eccentric reference orbit is presented. The main result is derived from the homogenous solutions of the linearized relative equations of motion for the spacecraft. These solutions are used to nd the necessary conditions on the initial states that produce T-periodic solutions that have the vehicles returning to the initial relative states at the end of each orbit, that is, v(t 0 ) = v(t 0 + T). This periodicity condition and the resulting initialization procedure are originally given (in compact form) at the reference orbit perigee, but this is also generalized to enable initialization at any point around the reference orbit. In particular, an algorithm is given that minimizes the fuel cost associated with initializing the vehicle states (primarily the in-track and radial relative velocities) to values that are consistent with periodic relative motion. These algorithms extend and generalize previously published solutions for passive aperture forming with circular orbits. The periodicity condition and the homogenous solutions can also be used to estimate relative motion errors and the approximate fuel cost associated with neglecting the eccentricity in the reference orbit. The nonlinear simulations presented clearly show that ignoring the reference orbit eccentricity generates an error that is comparable to the disturbances caused by differential gravity accelerations.
Introduction

T
HE concept of autonomous formation ying of satellite clusters has been identi ed as an enabling technology for many future NASA and U.S. Air Force missions. 1¡4 Examples include the Earth Orbiter-1 mission that is currently on-orbit 1 (see also URL: http:// eo1.gsfc.nasa.gov/miscPages/home.html ), StarLight (URL: http:// starlight.jpl.pl.nasa.gov/ ), the Nanosat Constellation Trailblazer mission (URL: http://nmp.jpl.nasa.gov/st5/), and the Air Force TechSat-21 (URL: http://www.vs.afrl.af.mil/factsheets/TechSat21. html) distributed synthetic aperture radar (SAR). The use of eets of smaller satellites instead of a single monolithic satellite should improve the science return through longer baseline observations, enable faster ground track repeats, and provide a high degree of redundancy and recon gurability in the event of a single vehicle failure. If the ground operations can also be replaced with autonomous onboard control, this eet approach should also decrease the mission cost at the same time. 1;4 However, implementation of the distributed coordinating satellite concept will require tight maintenance and control of the relative distances and orientations between the participating satellites. Thus, the bene ts of this approach come at a cost because the new systems architecture poses very stringent challenges in the areas of onboard sensing, high-level mission management and planning, and eet-level fault detection/recovery. 5;6 The results in this paper focus on aspects of the mission planning in that they provide necessary conditions to initialize the vehicles on a passive aperture. By passive aperture, we mean a (short baseline) periodic formation con guration that provides good, distributed, Earth imaging, for example, with an SAR. These passive apertures have previously been designed using the closed-form solutions provided by Hill's equations (see Ref. 7) (also known as the Clohessy-Wiltshire equations), which are linearized about a circular reference orbit. There has also been analysis to develop apertures that are insensitive to differential J 2 disturbances based on nonlinear dynamic models (see Ref. 8) .
This paper presents the complete initialization procedure for a large eet of vehicles with an eccentric reference orbit. The work builds on earlier results by Lawden, 9 Carter and Humi, 10 and Carter 11 on the derivation and solution of the homogenous equations of relative motion for multiple spacecraft that are linearized about an eccentric reference orbit. (See Ref. 10 for an extensive historical perspective on the origin of these equations.) In particular, we provide the rst presentation of the conditions necessary to initialize to a closed-form aperture on an eccentric orbit (e 6 D 0). This is a key extension of the work by Carter/Lawden and an important point for future research on formation ying that previously had to use Hill's equations when working in a local vertical/local horizontal (LVLH) frame (see for example Refs. 12 and 13). This new initialization approach can also be used to estimate the fuel penalty associated with maintaining the eet con guration with respect to an aperture designed using Hill's equation, even though the reference orbit is eccentric. This effect is shown to be signi cant, even for a typical shuttle orbit with e D 0:005.
The key periodicity result in this paper is derived in two ways. One way is based on the relative positions and velocities of the vehicles in an LVLH frame. Because this approach uses a set of linearized equations of relative motion, the periodicity condition is only as accurate as the linearization itself. However, numerous nonlinear simulations and analytic studies 7 have shown that, for close formations, the linearized equations provide a very good representation of the relative motions of spacecraft about the appropriate reference orbit. We also derive the exact nonlinear condition from the differential energy matching condition using the orbital elements. With a consistent linearization approximation, it is then shown that an equivalent set of initialization conditions can be obtained in this second framework. Deriving the initialization condition from these two different perspectives provides additional insight on the periodicity constraint obtained using the linearized equations of relative motion.
The equations of motion used to derive the initialization to a passive aperture are valid for all reference orbit eccentricities, and so the results in this paper extend the recent work in Ref. 14 . In particular, the initialization can be used in high-eccentricity types of orbits, such as Molniya, that enable missions with longer observation periods over particular regions of interest. For example, Figs. 1 and 2 show one such implementation for a reference orbit of a D 46,000 km, e D 0:67, and i D 62:8 deg. The in-plane and outof-plane motion correspond to incremental changes in eccentricity .±e D 0:0001/ and inclination .±i D 0:005/. An interesting feature of these eccentric orbits is the gure-8-shaped out-of-plane motion. In comparison, small inclination differences for circular reference orbits only result in one-dimensional out-of-plane motion. This interesting feature of relative motion with eccentric orbits could be used to provide higher uv-plane coverage per orbit for aperture lling observations. The paper continues with a brief outline of the linearized equations of motion and their solution. These equations are used to form the monodromy matrix for the system, which is then used to solve for the periodicity condition. The next section generalizes the initialization process to other points on the reference orbit. The initialization is then analyzed using orbital elements. Finally, the homogenous solutions are used to approximate the relative motion errors for in-plane and out-of-plane formations that neglect the reference orbit eccentricity during initialization. Also included is the effect of these errors on a standard feedback control scheme and the fuel cost associated with the necessary corrections.
Relative Dynamics in Eccentric Orbits
The following presents the dynamics for the relative motion of a satellite with respect to a reference satellite on an eccentric orbit. A brief development of the equations of motion appears hereafter, and the full details are available in Refs. 9-11 and 15. The location of each spacecraft within a formation is given by
where R f c and ½ j correspond to the location of the formation center and the relative position of the j th spacecraft with respect to that point. The formation center can either be xed to an orbiting satellite, or just a local point that provides a convenient reference for linearization. The reference orbit in the Earth-centered inertial (ECI) reference frame is represented by the standard orbital elements .a; e; i; Ä; !; µ /, which correspond to the semimajor axis, eccentricity, inclination, right ascension of the ascending node, argument of periapsis, and true anomaly.
With the assumption that j½ j j ¿ jR f c j, the equations of motion of the j th spacecraft under the gravitational attraction of a main body where the unit vector O k x points radially outward from Earth's center (antinadir pointing) and O k y is in the in-track direction along increasing true anomaly. This right-handed reference frame is completed with O k z , pointing in the cross-track direction. All of the proceeding vectors and their time rate of changes are expressed in the orbiting reference frame 6 c .
When Eqs. (3) and (4) are combined to obtain an expression for c R ½ j , and Eqs. (5-7) are used, it is clear that the linearized relative dynamics with respect to an eccentric orbit can be expressed via a unique set of elements and their time rate of change. This set consists of the relative states [x j ; y j ; z j ] of each satellite, the radius R f c , and the angular velocity P µ of the formation center. Using fundamental orbital mechanics describing planetary motion, 16 ;17 the radius and angular velocity of the formation center can be written as
where n D .¹=a 3 / 1 2 is the natural frequency of the reference orbit. These expressions can be substituted into the equation for c R ½ j to obtain the relative motion of the j th satellite in the orbiting formation reference frame The terms on the right-hand side of this equation correspond to the Coriolis acceleration, centripetal acceleration, accelerating rotation of the reference frame, and the virtual gravity gradient terms with respect to the formation reference. The right-hand side also includes the combination of other external disturbances and control accelerations in f j . Note that care must be taken when interpreting and using the equations of motion and the relative states in a nonlinear analysis. The dif culty results from the linearization process, which maps the curvilinear space to a rectangular one by a small curvature approximation. Figure 4 shows the effects of the linearization and the small curvature assumption. In this case, a relative separation in the in-track direction in the linearized equations actually corresponds to an incremental phase difference in true anomaly µ .
Although Eq. (9) is expressed in the time domain, monotonically increasing true anomaly µ of the reference orbit provides a natural basis for parameterizing the eet time and motion. 10 This observation is based on the fact that the angular velocity and the radius describing the orbital motion are functions of the true anomaly, as shown in Fig. 5 . When µ is used as the free variable, the equations of motion can be transformed using the relationships With these transformations, the set of linear time-varying (LTV) equations describing the relative motion of the j th spacecraft in an eccentric orbit can be written as
As shown, the in-plane (x and y) and out-of-plane (z) motions are decoupled and can be expressed separately. Equation (11) gives the in-plane relative motion of the spacecraft with respect to the formation center in the true anomaly domain. The out-of-plane relative dynamics in Eq. (12) correspond to the typical cyclic behavior that is observed as a result of small changes in the inclination and/or right ascension of the ascending node of the spacecraft with respect to the formation reference frame. As given in Refs. 9, 11, and 15 the homogenous solutions to these LTV differential equations of motion are 
The d i j in these solutions are integration constants for each spacecraft, and they are calculated from the corresponding initial conditions. Two further important relationships are
where E is the eccentric anomaly that can be expressed as a function of the true anomaly. Also, d H is the integration constant calculated from H .µ 0 / D 0. For a typical case where µ 0 D 0, d H is also zero. Remark 1: These solutions are available in the literature in various forms using different reference frames and variables. The rst derivation with singularities in the closed-form solution was provided by Lawden in 1963. 9 The results by Carter, 11 with the singularities removed from the solutions, forms the basis of our analysis. These homogenous solutions are extremely useful for well-behaved numerical and analytical analysis on the shape, structure, and optimization of passive apertures in eccentric reference orbits. Also note that the same solutions can be obtained via incremental changes in orbital elements, as presented by Marec.
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Figures 6 and 7 show an example of the relative motion of two spacecraft when the reference orbit eccentricity is e D 0:7. In this particular case, the spacecraft in the formation are initialized to provide a periodic uv-plane (observing plane) coverage. The changes in the closed-form solution from the typical Hill's equation result (e D 0) are readily apparent in the gures. The next section presents the necessary conditions for initializing to these periodic solutions.
Monodromy Matrix and Periodicity Conditions
The ability to form exact passive apertures requires the existence of periodic solutions to the unforced equations of motion. 7 As indicated by Eq. (15), the out-of-plane dynamics are naturally periodic as a result of the geometry of the problem. For the in-plane motion, Eqs. (13) and (14) represent the unforced closed-form solutions. Note that both the in-track (y) and radial (x ) components consist of either constants, sinusoidal terms, or terms that include H .µ /, which are the only ones that show diverging behavior. For both of these equations, the coef cient d 2 j , which is a function of initial relative states, multiplies H .µ /. Thus, any periodic solution will require that this coef cient be zero. It can be demonstrated that the linear timevarying equations describing the in-plane motion in Eq. (11) have a nontrivial periodic solution using the following result.
Theorem: Given an LTV dynamic description of
where 
is the fundamental matrix that describes the mapping of a particular initial condition v.¿ / through the dynamics. For the case t ¡ ¿ D T , the fundamental matrix takes a special form called a monodromy matrix, 19 which can be used to analyze both the orbit periodicity and stability. If there exists a T -periodic mapping (where T is the orbit period), the base con guration is a xed point.
Note that the A matrix of the in-plane dynamics in Eq. (11) is T periodic because all elements are either constant or sinusoidal in µ . Thus, to demonstrate that the relative orbital motion is periodic, we must nd the transformation matrix that maps the initial states at (µ 0 D 0) to the nal states at .µ f D 2¼ / and then prove that 8.2¼; 0/ has at least one eigenvalue equal to one. (It is assumed in this section that the initialization is done at µ 0 D 0, but this is generalized in the following subsections to other values of µ 6 D 0.) After some manipulation (see Appendix A for the full details), for the initial conditions at µ 0 D 0, the integration constants from Eqs. (13) and (14) can be expressed as a function of the initial states v 0 2 6 6 6 4 
with corresponding values of the matrix elements
The nal states (at µ f D 2¼ ) can also be written in terms of the integration constants 2 6 6 4 
The integration constants expressed as a function of the initial states from Eq. (20) can be combined with Eq. (22) to describe the nal states. Then, by the use of the matrix elements described by Eqs. (21) and (23) 
The transformation matrix in Eq. (25) is the fundamental matrix of the LTV system at µ f D 2¼ scaled by its value at µ 0 D 0. Because all eigenvalues of the transformation matrix in Eq. (25) are equal to 1, the result given can be used to obtain T -periodic solutions for this system when 0 < e < 1.
The following sections continue with the analysis of the transformation matrix to obtain conditions on the vehicle states that yield nontrivial periodic motions. Note that these periodicity conditions are only as accurate as the linearized relative motion model used in their derivation. However, numerous nonlinear simulations and analytic studies 7 have shown that, for close formations, the linearized equations provide a very good representation of the relative motions of spacecraft about the appropriate reference orbit.
Initialization
As given earlier, a solution is T periodic if v j .2¼ / D v j .0/. This is clearly true for y 0 , the in-track velocity differences, and x, the relative radial position. However, to ensure that
it follows directly from Eq. (24) that
With e 6 D 0, both w 12 and w 42 are nonzero, and so these constraints both require that p 22 x.0/ C p 23 y 0 .0/´0, which gives the periodicity or no-drift condition at µ 0 D 0
This condition provides a relationship between the initial radial position x.0/ and in-track velocity differences y 0 .0/ that must be used to obtain a periodic relative motion of the spacecraft. Here y 0 .0/ corresponds to the true anomaly rate of change of the in-track relative position, as observed in the noninertial formation reference frame. Note that the periodicity condition does not constrain y.0/ (corresponds to phasing in the true anomaly of the spacecraft) and x 0 .0/ (corresponds to an incremental radial velocity difference as a result of radial ring at µ D 0). As de ned earlier, µ D 0 corresponds to the formation center being at the perigee of the reference orbit, which does not necessarily correspond to each spacecraft in the formation being at their individual orbit perigees. These extra degrees of freedom coming from radial relative velocity (in transformed form) x 0 .0/ and in-track separation y.0/ can be used to de ne the shape and scale of the relative motion, and they are consistent with the extra degrees of freedom that exist in the related no-drift solutions associated with Hill's equations.
In applications that do not require absolute orbital element matching, the only condition for passive apertures is that the drift rates be matched, that is, [y 0 .0/=x.0/] j is the same for all spacecraft. This is identical to rede ning the formation center to a reference orbit that matches the natural frequency of the aperture vehicles and, thus, obtaining no-drift conditions with respect to this new formation center. Such an approach is shown in the results of Fig. 1 .
Equation (29) can also be expressed in the time domain as
Note that, as e ! 0, Eq. (30) converges to the differential energy equalization condition for a circular reference orbit, that is, P y.0/=x.0/ D ¡2n. This condition can easily be identi ed from the homogenous solution of the Cholessy-Wiltshire equations describing the linearized relative dynamics with respect to a circular reference orbit (see Ref. 17) . Also note that a set of initialization conditions can be derived using the orbital elements and their incremental changes, as is shown later in this paper. That approach demonstrates that the periodicity or no-drift condition is equivalent to the linearized form of the zero-differential energy condition. The following generalizes the initialization procedure to other values of µ .
General Initialization
The initialization for periodic motion at other values of µ can also be obtained using Eqs. When it is assumed that these values are not consistent with a periodic solution, they can be modi ed using Eq. (29). To start, rst use Eqs. (13), (14), (A1), and (A2) to de ne 2 6 6 4 .µ d / can be changed to achieve periodic motion. These assumptions provide a total of three constraints on the four unknowns (the d i ). The fourth constraint can be developed in a variety of ways, depending on the mission objectives, and several alternatives are detailed in the following.
Symmetric Motion
For example, one approach would be to constrain the periodic motion so that it is symmetric in-track about the origin. Using y.µ / from Eq. (14) evaluated at µ D 0 and ¼ and setting the average to zero yields the constraint
Appending this constraint to the three given earlier would completely de ne one type of periodic motion.
Fuel Optimized
In general, the symmetric initialization requires that both ¡ are introduced for each 1V , the optimization problem can be written as the linear program (LP):
where The LP problem was tested on a variety of different cases, and the solution always resulted in only a change in the in-track velocity to meet the periodicity constraint. The radial velocity remained unchanged from the (potentially random) initial value that was provided to the problem. This suggests the following simple alternative solution.
Velocity Constraint
The nal formulation simply imposes the constraint that the radial velocity not change from the initial value provided. Thus, 
Periodicity Conditions: Orbital Approach
This section presents the necessary conditions for obtaining a no-drift solution in eccentric orbits using the orbital elements. The energy level of the reference orbit 16 with orbital frequency n D .¹=a 3 / 1 2 and gravitational constant ¹ is given by
The necessary condition to obtain the no-drift conditions is that " D " i 8 i 2 f1; 2; : : : ; N g, which effectively matches the orbital periods of the N satellites to the formation center. At the perigee for the formation center, the energy difference between the i th satellite and the formation center can be written as
Thus, the condition for zero differential energy is that
By the use of the following relation for eccentricity
(r a and r p correspond to the orbital radius at apogee and perigee), the eccentricity difference can be written as an incremental change in perigee radius ±r i
By the use of Eqs. (44) and (45), Eq. (43) can be rewritten as
which is the exact expression for differential energy matching. Note that satisfying this condition is complicated by the coupling that exists between V pi and e i [shown in Eq. (48)]. This nal expression can be approximated as
assuming that j±e i j ¿ 1 and using V p¸Vcs . Here V cs D .¹=a/ 1 2 is the circular velocity for a given semimajor axis a. The statement that V p¸Vcs comes directly from the fact that the perigee velocity can be de ned 16 as
so that V p¸Vcs for any 0 · e < 1. When an eccentric reference orbit .0 < e < 1/ is focused on, with j±e i j ¿ e, Eq. (47) becomes
where the eccentricity difference has been replaced with a perigee radius difference. Then, by the use of Eq. (48), Eq. (49) can be reformulated as 
Essentially, this necessary condition for differential energy matching accounts for the difference in perigee radius. Note that ±r i actually represents an eccentricity difference, as described in Eq. (45). By the use of the kinematic relationship ±V abs D ±V rel C ! £ ±r, the differential velocity in the linearized framework, that is, Fig. 4 , with respect to a reference attached to the formation center can be calculated for a given geometry. As discussed earlier, the linearization maps the curvilinear space to a rectangular one. As such, with the geometry shown in Fig. 4 at µ D 0; ±V pi rel and ±r i correspond to the relative in-track velocity y 0 and radial separation x, respectively. Using this fact and ! D P µ .0/, where
the relative velocity increment as observed by the formation center can be written as
Equation (52) is the same solution as described in Eq. (30), which assures that the spacecraft do not drift away from each other. This completes the discussion of the differential energy corrections using orbital elements. These results demonstrate that equivalent answers can be obtained using the equations/solutions available in both frameworks, thereby providing additional insight on the periodicity constraint obtained using the linearized equations of relative motion.
Modeling Error Effects
Fuel optimal aperture forming is crucial for space applications because fuel is a very precious resource on-orbit. However, ignoring even a very small eccentricity in the reference orbit, for example, e D 0:005, typical of shuttle missions, can result in considerable relative motion errors in the passive apertures. These errors in general cause the spacecraft to drift away from the desired formation and, thus, would require corrective thruster rings. Also with an eccentric reference orbit, Eqs. (13) (14) (15) show that the shape of the closed-form solution is not a perfect ellipse, but is actually skewed and scaled. Thus, any formation-keeping algorithm that does not account for the changes due to eccentricity will have to work against the natural motion of the vehicles. Both of these errors will result in a continuous depletion of the fuel.
This section investigates the errors in the desired relative motion that result from assuming a circular reference orbit. Two distinct types of modeling errors are usually observed: 1) A formation initialization based on a circular orbit assumption typically results in differential energy errors. This error is observed as two different types of motion relative to the formation center, an in-track drift and a change in the size of the periodic relative motion.
2) As discussed, the shape of a closed-form solution based on an eccentric formation center is not a perfect ellipse. Also, the rings to form relative motion ellipses based on a circular orbit assumption 7 would actually result in a different periodic relative motion pattern (in both the in-plane and cross-track directions). These both result in relative motion errors.
This section analyzes these modeling errors in three main parts. The rst two parts show the effect of differential energy and relative motion errors on the relative motion in the in-plane and cross-track directions. The third part presents numerical results based on a simple control algorithm using an underlying circular orbit assumption. Note that although all earlier analysis was presented for 0 < e < 1, this section focuses on cases with e ¿ 1 to simplify the expressions for the modeling errors.
Differential Energy Errors
To identify the modeling errors, the homogenous solutions in Eqs. (13) and (14) can be rewritten in terms of the periodic, that is, cos and sin, parts and terms that are a function of H .µ /
The only terms that can result in drift are the ones associated with H .µ /, and, from Eq. (16) which assumes that at µ D 0 a circular orbit assumption was made and the natural frequency of the circular orbit was set equal to the angular velocity of the actual eccentric orbit at µ D 0, that is, n circ D P µ .0/. To analyze the impact of this drift rate, consider a simple formation of two spacecraft initialized with 1-km radial and 0:6-km cross-track separation. The relative in-track velocity is set based on the assumption of a circular reference orbit. The reference orbit .a D 6900 km and i D 52 deg) actually has e D 0:005, which corresponds to a modeling error. The orbits of the two spacecraft were propagated in a high precision propagator and the relative motion results are shown in Fig. 10 . These results clearly illustrate that, instead of a closed ellipse, the relative positions of the spacecraft drift in the in-track direction. In fact, after 16 orbits (¼1 day), the drift corresponds to roughly 75% of the original baseline, which is consistent with the predictions from Eq. (59) (16 £ 6¼ ex 0 ¼ 1:5 km). This drift is removed if the initial relative velocity is modi ed as given in Eq. (30); the solution tracks the desired periodic relative orbital motion.
To further illustrate the signi cance of this modeling error, it can be compared to other large relative disturbances, such as the differential J 2 . Figure 11 shows the effect of differential J 2 on the formation during 16 orbits. For this case the formation was initialized using the corrected initialization (to account for e 6 D 0), but the simulation included the effects of differential J 2 . When compared with Fig. 10 , these results clearly show that ignoring the reference orbit eccentricity can dominate the differential disturbances.
A second type of initialization error could occur if the natural frequency n circ of the circular reference orbit is set to be the natural frequency of the eccentric reference orbit n, that is, setting n circ´n . With the same type of analysis shown earlier, (see Appendix B for details), the drift in this case would be
which is a factor of 3 larger than the preceding case. The 1V to perform the correct initialization [Eq. (30)] differs by only a factor of e from the rings designed using a circular reference orbit assumption because (see Appendix B)
However, this (possibly larger) fuel burn ensures that the spacecraft attains the desired relative motion and will not drift from the formation center (in the absence of any additional disturbances).
As is shown later in this section, this change in the fuel burn is signi cantly smaller than would be expected for a simple control scheme that constantly attempts to correct for these drift errors using a circular orbit assumption.
Relative Motion Errors: In-Track and Radial
The following investigates the in-plane relative motion errors using a slightly different formation initialization approach, but, as before, it is assumed that the reference orbit eccentricity is ignored in the design. In particular, consider the effect of setting the natural frequency of the circular reference orbit n circ equal to the frequency n of the eccentric reference orbit, that is, n circ D n, which is the same assumption used to derive the drift formula in Eq. (60).
To determine the initialization approach, consider the well-known homogenous solutions to the relative motion with a circular reference orbit 17 (x is radial, and y is in-track)
Given that the spacecraft is initially separated by 2b 0 in the in-track direction from the formation center, (y 0 D 2b 0 ; x 0 D 0; P x 0 D 0; P y 0 D 0/, assume that the goal of the initialization is to generate a relative periodic motion ellipse with semimajor axis 2b 0 in the x y relative motion plane. However, once again, the initialization process will be based on the assumption of a circular reference orbit. (Note that µ D 0 was selected to simplify the following analysis and to yield compact representations of the associated errors. The approach shown could be used to develop equivalent results for any µ .) In this case, to obtain a 2b 0 £ b 0 relative motion ellipse centered at the origin of the formation center, a radial ring of P x 0 D nb 0 is initially applied to the spacecraft (recall the assumption that n circ D n). As a result of the radial ring at µ D 0 there is no violation of the periodicity constraint, that is, d 2 j D 0, for the linearized equations of motion. However, in this case, the size of the relative motion ellipse would not be correct because, for an eccentric reference orbit, the angular velocity of the reference orbit P µ is not a constant. In fact, it can be shown that a ring of P As with the preceding example, the 1V to initialize using the eccentric reference orbit analysis also differs by only a factor of e from the rings designed using a circular reference orbit assumption because (see Appendix B)
Notice that after the correct initialization, the relative motion would not be a perfect ellipse (it will follow its own natural motion), as indicated by the homogenous solutions given in Eqs. (13) and (14) . However, it would be symmetric and have the desired semimajor and semiminor axis values.
Relative Motion Errors: Cross-Track
As noted earlier, the equations of motion in the cross-track direction [Eq. (12)] decouple from the in-plane motion as a result of the linearization. Thus, the error analysis can also be done separately for this direction. Because the motion in the cross-track direction is periodic with no drift terms [see Eq. (15) (64), (67), (B11), and (B13) provide a detailed analysis of the modeling errors associated with a circular orbit assumption. The following section analyzes the effect of these modeling errors on the fuel budget using a simple feedback control scheme.
Effect on Fuel Usage
In a feedback control system it is expected that the results of these initialization errors would be corrected at the expense of extra fuel. To demonstrate this idea, consider a simple formation-keeping algorithm based on a circular reference orbit assumption that is employed after the initialization. In this algorithm, formation keeping is done using a series of impulsive thruster rings at the location of initialization and its conjugate point on the reference orbit. The approach is to calculate the corrective impulse vector so that this correction takes the vehicle from the current location to the desired location in one-half of an orbit. To be consistent with the earlier analysis, assume that the thruster rings are calculated using the state propagation based on a circular reference orbit, that is, using Eqs. (62) and (63) instead of the eccentric ones, Eqs. (13) and (14) .
First consider the periodic relative motion ellipse example given in the relative motion errors section. Because there are no differential energy errors in this case, the error associated with an incorrect radial ring is periodic. As a result, additional radial rings are required to correct the semimajor axis (nominally 2b 0 ) of the relative motion ellipse at µ D i ¼ and µ D .i C 1/¼ , for i D f1; 2; : : :g. For an arbitrary i , the radial ring ± P x.i ¼ / is used at time µ D .i /¼ to correct for the error resulting from the ring at µ D .i ¡ 1/¼ and to make sure that the relative motion ellipse is the correct size at µ D .i C 1/¼ . Unfortunately, this ring introduces other errors because the correction is designed using the dynamics associated with a circular reference orbit. As a result, another correction will be required at µ D .i C 1/¼ , and this will introduce similar errors. Thus, the system would enter a cyclic error correction pattern (limit cycle) that results in continuous fuel depletion.
The fuel cost for formation keeping based on the initialization with only a radial ring was calculated numerically. A series of 
to correct for the size of the relative motion ellipse. Equation (68) indicates that the fuel used is a linear function of e and the aperture size b 0 , which is the semiminor axis of the 2 £ 1 relative motion ellipse. Figure 12 shows a typical limit cycle behavior observed using this simple control algorithm.
For the aperture forming case with in-track ring as discussed in the differential energy equalization section, there will be both differential energy and relative motion errors that result from the circular orbit assumption. Simulations were performed of the control algorithm described earlier (using in-track rings) for many values of e and b 0 . In this case, the necessary corrections were predicted to be These two nal examples were designed to show the dif culties associated with using a simple feedback correction scheme that is based entirely on the circular reference orbit assumption to correct for these modeling errors. Obviously, different implementations of the error correction and ring patterns would change the fuel usage. However, the results of these examples do show that the reference orbit eccentricity could have an important effect on the fuel budget of a formation ying mission if not correctly accounted for in the control design.
Conclusions
This paper generalizes previous aperture design approaches and presents a complete initialization procedure for a eet of vehicles with an eccentric reference orbit, for example, Molniya. The main result of the paper is derived in two ways. The primary analysis uses the solutions of the linearized equations of relative motion with respect to an eccentric reference orbit. These solutions are used to nd the necessary and suf cient conditions on the initial states that produce periodic solutions, that is, the vehicles return to the initial relative states at the end of each orbit. In the second method, the orbital elements are used to derive the exact nonlinear condition that ensures periodic relative motion from the differential energy matching condition. By the use of a consistent linearization approximation, it is then shown that an equivalent set of initialization conditions can be obtained in this second framework. This connection provides additional insight on the periodicity constraint obtained using the linearized equations of motion.
The paper also presents analytic formulas showing the type and magnitude of formation errors that can result from using a circular reference orbit assumption. These errors are veri ed in a nonlinear simulation and compared to other differential disturbances, for example, J 2 , for a typical low-Earth-orbit formation with in-plane and out-of-plane components. The drift results show that ignoring the reference orbit eccentricity (for e ¼ 10 ¡3 and aperture size ¼1000 m) can be a dominant additional source of error. A simple control scheme was also used to evaluate the closed-loop response when there is a modeling error in the reference orbit, for example, the control design incorrectly assumes e D 0. Simulation results provide bounds on the fuel usage to account for the resulting modeling errors. The results clearly show that the modeling errors (and how they are handled) can have a large impact on the fuel usage for formation ying control.
Appendix A: Monodromy Matrix
The closed-form solutions for the in-plane and out-of-plane true anomaly rate of change of relative distances are given by
The initial and nal states can then be written as a function of the integration constants:
With these expressions, the following presents the general form of the monodromy matrix. The simpli ed form is given in the paper as Eq. (24) For the second type of initialization error discussed in the last part of the paper, it is assumed that n circ D n. Then 
Derivation of Equation (65)
An analysis of the fuel can be done in the x direction. In this case, the difference between the correct ring and the ring designed using the circular reference orbit assumption is 
